The projective space P n over a field k is usually defined as the set of 1-dimensional subspaces of a n + 1-dimensional k-vector space E and its automorphism are defined to be the projectivizations of semilinear automorphism of E (also called Staudt projectivities).
For n ≥ 2, recall that the projective space can also be defined axiomatically as a lattice satisfying certain properties and it can be proved that automorphisms of this lattice structure (i.e., collineations) are precisely Staudt projectivities (see [1] , Thm. 2.26).
On the other hand, Klein defined projective geometry as the action of the group PGl n on the set P n . In this note, we prove that the automorphisms of the Klein geometry (P n , PGl n ) are Staudt projectivities, for any n.
Definition: A geometry in the sense of Klein is a pair (X, G) where X is a set and G is a subgroup of the group Biy(X) of all bijections X → X.
Given two geometries (X, G) and (X ′ , G ′ ), we say that a bijection ϕ : X → X ′ is an isomorphism of geometries if the map Φ :
, preserves the structural groups: Φ(G) = G ′ ; that is to say, ϕGϕ −1 = G ′ . Isomorphism of geometries ϕ : (X, G) → (X, G) are said to be automorphisms of (X, G).
Recall that, given a subgroup H of a group G, the normalizer N (H) of H in G is defined to be the subgroup N (H) = {n ∈ G : nHn −1 = H}, so the group of automorphisms of (X, G) is just the normalizer of G in the group Biy(X).
Fundamental examples:
.-The projective geometry (P n , PGl n ), where P n is the set of 1-dimensional vector subspaces of a k-vector space E of dimension n + 1 and PGl n is the group of Poncelet projectivities (projectivizations of k-linear automorphisms of E) with the obvious action on P n .
.-The affine geometry (A n , Aff n ), where A n is the complement of an hyperplane in P n , named hyperplane at infinity, and Aff n is the subgroup of PGl n of all Poncelet projectivities of P n preserving the hyperplane at infinity, with the action by restriction on A n .
.-The euclidean geometry, (A n (R), Mov n ), where Mov n is the group of motions of the real affine space A n (R).
Automorphisms of the projective geometry
Recall that a bijection ϕ : P n → P n is called a Staudt projectivity if it is the projectivization of a bijection f : E → E such that f (λe + µv) = h(λ)f (e) + h(µ)f (v), ∀ e, v ∈ E, λ, µ ∈ k, for some automorphism of fields h : k → k, named automorphism associated to ϕ.
In dimension n ≥ 2, the so called Fundamental Theorem of Projective Geometry ( [1] , Thm. 2.26) states that Staudt projectivities are just collineations (i.e., bijections ϕ : P n → P n that preserve alignment). So, in order to prove Theorem 0.2, it would be useful to characterize collineations in terms of Poncelet projectivities. To do so, for any given three different points P 1 , P 2 , P 3 in P n we consider the set:
Lemma 0.1 Three different points P 1 , P 2 , P 3 ∈ P n are collinear if and only if
Proof: If P 1 , P 2 , P 3 are collinear, then H P1,P2 (P 3 ) is just the complement of P 1 , P 2 , P 3 in the line passing through them.
Conversely, if P 1 , P 2 , P 3 are not collinear, then H P1,P2 (P 3 ) is the complement of the line R joining P 1 and P 2 (apart from P 3 ). Since a projective line always has more than two points, we may fix a point Q ∈ R, Q = P 1 , P 2 , and then it is clear that Q / ∈ H P1,P2 (P 3 ) and Q ∈ H P1,P3 (P 2 ).
Theorem 0.2 The group of automorphisms of the projective geometry (P n , PGl n ) is the group PSeml n of Staudt projectivities, for any n. That is to say, PSeml n is the normalizer of the group PGl n of Poncelet projectivities in the group of all bijections of P n .
Proof: Let ϕ be a Staudt projectivity with associated automorphism h : k → k. If τ is a Poncelet projectivity, then ϕτ ϕ −1 is a Poncelet projectivity, as it is a Staudt projectivity with associated automorphism h • Id • h −1 = Id. Applying the same reasoning to ϕ −1 , it follows the equality, ϕ −1 PGl n ϕ = PGl n . Now, let us prove that any automorphism ϕ of (P n , PGl n ) is a Staudt projectivity. n > 1. In this case Staudt projectivities are just collineations ([1], Thm 2.26) and hence it is enough to check that ϕ is a collineation. Since ϕ preserves Poncelet projectivities by hypothesis, it follows that ϕ(H P1,P2 (P 3 )) = H ϕ(P1),ϕ(P2) (ϕ(P 3 )), and Lemma 0.1 allows to conclude that ϕ(P 1 ), ϕ(P 2 ), ϕ(P 3 ) are collinear whenever so are P 1 , P 2 , P 3 . n = 1. Let us fix a projective reference (P 0 , P ∞ , P 1 ) in P 1 and write P ′ 0 := ϕ(P 0 ), P ′ ∞ := ϕ(P ∞ ), P ′ 1 := ϕ(P 1 ). Consider, in the affine line A 1 = P 1 − {P ∞ }, the origin P 0 and the unit point P 1 , so that there is a bijection A 1 ≃ k, and P λ will denote the point corresponding to λ ∈ k (and analogously in the affine line A Proof: By definition, h(0) = 0 and h(1) = 1, so we only have to show that h preserves the addition and the product. Let τ µ and σ µ denote the translation by µ ∈ k in A 1 and the homothety with center at P 0 and ratio µ, respectively (and analogously τ ′ µ and σ
. since P ∞ is the unique fixed point of τ µ , P ′ ∞ is the unique fixed point of ϕτ µ ϕ −1 and hence it is a translation in A ′ 1 (as it is an homography by hypothesis). Then, ϕτ µ ϕ −1 is determined by the image of one point:
h(µ) ϕ, and applying both terms to P λ :
In a similar way, it can be checked that ϕσ µ ϕ −1 is just the homothety σ ′ h(µ) , that allows to conclude that h(λµ) = h(λ)h(µ).
Automorphisms of the affine and euclidean geometries
In the affine case, collinear points may be characterized in terms of affinities, analogously to what is done in Lemma 0.1. Then, taking care of details, it follows:
Theorem 0.4 The group of automorphisms of the affine geometry (A n , Aff n ) over a field k = F 2 is the group of (restrictions to A n of ) Staudt projectivities preserving the hyperplane at infinity, for any n.
As for the euclidean case, collinear points may be characterized in terms of motions. Then, as affinities preserving motions also preserve perpendicular lines, it can be checked that:
Theorem 0.5 For n ≥ 2, the group of automorphisms of the Euclidean geometry (A n (R), Mov n ) is the group of similarities.
Notice that the above theorem is false when n = 1. A counter example is any bijection ϕ : R → R that respects the addition, for example, any Q-linear automorphism of R. If φ ∈ Mov 1 , then φ(x) = ±x + b and it follows that (ϕ −1 φϕ)(x) = ϕ −1 (±ϕ(x) + b) = ±x + ϕ −1 (b), so that ϕ belongs to the normalizer of Mov 1 . However, it is not difficult to show that any continuous automorphism ϕ of the euclidean line (A 1 (R), Mov 1 ) is in fact a similarity ϕ(x) = ax + b.
An application: the outer automorphism of S 6
An application of Theorem 0.2, told to the authors by J. B. Sancho, is a construction of the outer automorphism of S 6 (for other descriptions of this exotic object see [2, 3] ).
Let k = Z/5Z be the field with 5 elements. The projective line has in this case 6 elements, so that there are 6 · 5 · 4 homographies and PGl 1 is a subgroup of S 6 of index 6. Since the identity is the unique automorphism of the field k, Theorem 0.2 states that PGl 1 coincides with its normalizer in S 6 ; hence it has 6 conjugated subgroups H 1 := PGl 1 , H 2 , . . . , H 6 . Now any permutation τ ∈ Biy(P 1 ) = S 6 of the projective line defines, by conjugation, a permutation F (τ ) of this set {H 1 , . . . , H 6 }. So we obtain an automorphism F : S 6 → S 6 such that F (PGl 1 ) is contained in the subgroup of all permutations fixing the element H 1 (in fact they coincide, since both subgroups have index 6). Now, since no point of the projective line is fixed by the group of all homographies, so does its image under any inner automorphism, and we conclude that this automorphism F is an outer automorphism of S 6 .
